Using the formalism of mode overlap, a theoretical analysis of optically pumped fiber laser amplifiers and oscillators is developed. The concept of normalized overlap coefficients is introduced to account for the effects of the transverse structure of the interacting signal and pump modes on the device characteristics. Simple and accurate closed-form expressions are derived for the gain of fiber amplifiers and the threshold and energy conversion efficiency of fiber laser oscillators in terms of the fiber and laser material parameters and the pump and signal modes. When applied to step-index Nd:YAG fiber lasers, this study predicts optimum fundamental mode oscillation in fibers with a V number of 5-25 with submilliwatt thresholds and nearly quantum-limited conversion efficiencies.
Introduction
In recent years, optical laser oscillators and amplifiers in a fiber form have received increasing attention. Active fiber devices can combine the excellent properties of standard laser materials and the high-energy confinement available in optical fibers. Their round geometry is also perfectly adapted to fiber system applications. For these and other reasons they are anticipated to exhibit large energy conversion efficiencies and excellent coupling properties to single-mode fibers and to have important applications in fiber systems and networks. This promising potential has already been demonstrated experimentally for a variety of active fiber materials including Nd-doped glasses,1" 2 dye solutions, 3 ' 4 and Nd:YAG. 5 , 6 In fiber laser devices, as in any active or nonlinear waveguide, the device performance is intimately related to the degree of spatial overlap of the interacting waves.
To study and optimize the overall efficiency of this new class of fiber component, it is, therefore, essential to develop a theoretical model that accounts for the effects of the transverse mode structure of the various waves involved. This problem of modal overlap in lasers has When this work was done both authors were with Stanford University, Hansen Laboratories of Physics, Ginzton Laboratory, Stan-been previously studied by several authors in the case of Gaussian optical beams in unguided devices 7 8 and in optical waveguide laser oscillators. 9 10 However, to the best of our knowledge the case of laser interaction in optical fibers has not yet been investigated. Also, a unified approach is needed to characterize waveguide lasers and amplifiers with arbitrary index profiles and mode distributions. In this paper we present results of an analysis of the gain, threshold, and energy conversion efficiency of optically end-pumped laser devices. This analysis, based on the general formalism of mode overlap, 9 introduces the concept of normalized overlap coefficient and provides a general solution for either guided or unguided laser devices. In Sec. II the general case of arbitrary transverse pump and signal modes is addressed, and general expressions are derived. In the following two sections these results are applied to the case of free-space (unguided) and fiber (guided) devices, respectively. It is shown that the operation of fiber laser devices can be described very simply and accurately with closed-form expressions of the gain, threshold, and conversion efficiency as a function of the device parameters. In the particular case of a stepindex profile fiber, this approach leads to the design of a best configuration, namely, a fiber V number in the 5-25 range, which optimizes the device performance. and Tf = 230 pusec (fluorescence lifetime). 1 
General Formalism
We shall consider a four-level laser material of length I which is end-pumped by an optical beam of wavelength X 1 p and used either as an optical amplifier or oscillator. For amplifier applications this medium will be assumed to be probed by a small signal (wavelength X) cotraveling with the pump. We will then be concerned with the single-pass gain experienced by the signal as it travels through the device. For laser oscillator applications the active material is placed in an external optical cavity which provides feedback and oscillation buildup. We will then turn our interest to the device threshold of oscillation and conversion efficiency.
In this pumped laser system, the excitation generates an electronic population inversion which interacts with the photon density via spontaneous and stimulated emission. The interaction between the pumping rate per unit volume r(x,y,z), the population inversion density n(x,y,z), and the signal photon density of the ith mode si (x,y,z) is described by the laser rate equations, which, following the notation introduced in Ref. 9 , may be written in a steady state as
where c is the velocity of light in vacuum, nj is the laser medium refractive index, bi is the round-trip loss for the 6th mode, and the summation in Eq. (1) is carried over the N transverse modes present in the cavity. To write Eqs.
(1) and (2), it was assumed that the gain medium is placed in a relively high-Q cavity, so that these equations apply only to a cavity laser amplifier. However, since the presence of the cavity clearly does not affect the single-pass gain of the device (the cavity is assumed to be resonant at the signal frequency but not at the pump frequency), the single-pass gain expressions that will be derived later also apply to a traveling-wave (TW) amplifier. This point can be shown mathematically by introducing in Eq. (2) the aSil/z term that holds for TW amplifiers. Spontaneous emission was also ignored in Eq. (2) as its contribution to the device output above threshold is negligible. It is convenient to define the distribution functions ro(x,y,z) and so,i (x,yz), normalized to unity over space so that 
Equation (5) is the basic expression for the number of signal photons present in the ith mode in the presence of other signal modes. As anticipated, this expression involves the degree of spatial overlap between the pump and signal distributions and the degree of gain saturation resulting from the signal modes above threshold (Sj # 0). For a device supporting N modes, there are N such equations, whose solutions describe the number of photons in each mode at a given pumping rate as well as their dependence on the pumping rate.
Although the general solution of Eq. (6) for a highly multimoded laser device is difficult to express in a simple form, the case of a single oscillating mode S can be treated easily. This is in fact the single most important situation since it is commonly encountered in actual devices in which mode loss and gain competitions usually drastically limit the number of oscillating modes. Single (lowest-order) mode operation is also highly desirable in most amplifier applications. Letting S 2 = S 3 = .. . SN = 0 in Eqs. (5) and (6) yields
2la-ifR (7) where Ji(S) = J 1 (S 1 ,O,10.0.,o) S rotx,y,z)so,jkx,y,z)
For an oscillator, the pumping rate required to reach threshold is obtained by setting S, = 0 in Eqs. (7) and (8) . In the following we shall more conveniently express the threshold in terms of the total pump power absorbed by the active material. In an end-pumped device it is related to the incident pump power Pp as follows:
Here the plane-wave absorption coefficient a has been replaced by the effective absorption coefficient aa = taqp where 7p is the fractional pump energy contained in the fiber core, to account for the fact that only the core absorbs the pump power.
By definition the pumping rate is R = Pabs/hvp , where hvp is the pump photon energy. The absorbed pump power required to reach oscillation threshold is, therefore, where R is the pumping rate, and Si is the total number of signal photons in the ith mode. Solving Eq. where J 1 (0) = J 1 (°0, .0 °) = cavity ro(x,y,z)so, 1 (x,y,z)dv. (11) Equivalently, since at threshold the single-pass loss 31/2 and the gain are equal, the unsaturated single-pass gain factor of the active medium as a cavity or traveling wave amplifier is trf Pabs ( 
12) hv AP
Here A* is the effective pump area defined as
while Pab/A* is the effective (average) pump intensity existing in the active medium. This quantity is a function of the pump and signal modes through the simple overlap integral J 1 (0) [Eq. (11)]. For reasons that will become apparent shortly it is convenient to normalize the effective pump mode area to the fiber active area At in the case of a fiber laser and to the pump mode area AP averaged along the device length in the case of an unguided laser. This introduces the notion of filling factor Fvnm defined by 
where wyo is the gain that would be expected had we neglected the signal and pump mode structure, e.g., in the fiber case
With this notation the effect of the transverse structure of the interacting waves on the gain of a laser device is described by a single additional parameter, namely, the filling factor Fvunm. As expected on the grounds of the wave nature of the problem at hand, an analogy can be drawn between this formalism and that of the electronic wave function overlaps describing atomic interactions. We shall see that in practical situations the F coefficents can be computed accurately, and coefficient tables can be generated for a variety of laser configurations. Furthermore, this formalism can be easily extended to the case of a laser optically excited by a multimode pump. Then the filling factor entering the gain expression [Eq. (16) ] is replaced by the weighted factor
where Pnm is the fraction of pump energy carried by the pump mode (nn).
This formalism is, therefore, a powerful tool which greatly simplifies analysis of the gain in optically pumped single-mode lasers and amplifiers.
The laser output power at a pumping rate R is given.
where T 1 is the output mirror transmission, assuming the other mirror is a high reflector (HR) (T 2 = 0). Since Eq. (19) involves the number of photons S1, solution of Eqs. (7) and (8), the exact dependence of the cw output power Pout on the excitation power Pabs is expressed in a rather complicated mathematical form unappropriate for physical understanding. However, the optical energy density circulating in the cavity of a laser oscillator operated above threshold is unusually large. Compared with the saturation intensity the saturation term in Eq.
(6) becomes very large soon after oscillation breaks in, and the overlap integral J 1 (S) can be expanded to first order in S, with good accuracy:
where p is the fraction of pump power carried by the active region:
Eliminating Si between Eqs. (19) and (20) and replacing J,(S 1 ) and J 1 (0) by their respective expressions as a function of the absorbed pump power [Eqs. (7) and (10)] lead to the laser slope efficiency s, referenced to the pump power absorbed by the active material:
&i hvp Even though this result was derived under the assumption that the laser was operated somewhat above threshold, comparison of exact and approximate solutions indicates that this result is also valid near threshold, as will be illustrated in the following sections.
The second assumption that was implicitly made was that the oscillator conversion efficiency is reasonably large. This in turn assumes that the signal and pump spatial distributions are comparable so that they exhibit a relatively good spatial overlap. The range of validity of this expression, therefore, depends on the laser configuration, in particular, whether it is guided or unguided. However, we shall see in the following sections that this range is rather broad in most practical situations and includes in particular the important region of maximum laser efficiency.
Within its limits of validity, Eq. (22) provides a simple and powerful result. It states that provided the signal-to-pump spatial overlap is good enough, the pump-to-signal photon conversion process is relatively independent of the modal distributions involved. In other words, if the pump and signal photons occupy the same general volume and the probability of stimulated emission is large enough, essentially all the inverted population is driven to the ground level (which again implies a relatively efficient laser to start and, in particular, a relatively low cavity loss). Under such conditions the laser slope efficiency [Eq. (22)] is proportional to (1) p, the fractional pump power contained in the active region of the laser (p can at best equal unity);
The average pump beam area inside the active medium is approximated by Ap = (r/2)W where W is an average value of the pump beam radius along the active medium, defined as: (2) T 1 h31, the ratio of output coupler loss to total cavity loss [in the most favorable case (low cavity loss)
this ratio can be very close to unity]; (3) h/hvp, the ratio of signal-to-pump photon energy, which constitutes the fundamental limit of the energy efficiency of any photon-to-photon conversion process.
Another important point is that Eq. (22) is independent of the laser material properties (,yrf) as well as the type of signal mode. It is also fairly independent of the pump mode as long as this mode is sufficiently far from cutoff (then np 1). Within limits, it holds in particular for side-pumping configurations. However, the laser output power Pout does depend on the pump configuration, pump mode and material properties through the threshold Pth. Consequently, to fully characterize a single transverse mode laser with a given excitation ro(xy,z) and pumping arrangement the only overlap integral that needs to be evaluated is J 1 (0) [Eq. (11)].
Free-Space Lasers
As a first application of the above results let us consider the case of a free-space (unguided) laser. The laser configuration is specified in Fig. 1 . A crystal of length is placed between a high-reflection mirror and an output coupler, which form a high-Q cavity at the signal frequency. The mirrors are assumed to be essentially transparent at the pump frequency. The pump beam, end-fed into the laser material along the laser cavity (z axis), is a fundamental Gaussian beam with a waist Wp. Diffraction causes the pump beam to expand on either side of its waist so that its radius varies along the z axis as12
where Xp is the pump wavelength in vacuum, n 1 is the material refractive index, and zP is the location of the pump waist inside the cavity (Fig. 1) . Similarly, the signal mode is assumed to have a TEMmn Gaussian distribution imposed by the configuration of the resonant cavity. For all TEMmn modes the beam radius Ws (z) is given by an expression similar to Eq. (23) in which W ,X, and z, are the relevant parameters for the signal. Finally, we assume pump and signal modes are coaxial and aligned with the z axis defined by the resonant cavity.
A similar quantity (W) can be defined for the signal mode. These average radii can be calculated in a closed form using Eq. (23). For example, for the fundamental pump mode, assuming its waist located at the center of the laser material (zp = 1/2), we find that
where Ep is the diffraction term
As a result of the relative simplicity of the mathematical description of Gaussian modes, the filling factors Fpnm can be evaluated in a closed approximate form. For example, for the most important case of a TEMoo signal mode, one finds 6 
W2
wp +W (26) where W, and Wp are the average signal and pump beam radii. This was calculated from Eqs. (13) and (15) in which each radius was replaced by its respective average value for the sake of simplicity. This result is identical to that derived by other authors in a slightly different form. 9 For a given signal waist radius, the smaller the average pump radius the higher the overlap and the higher the gain. Of course, diffraction limits the minimum average radius that can be achieved. For a given laser medium length, refractive index, and pump wavelength, the pump waist radius
Wp , Opt that minimizes Wp and maximizes the gain is [from Eqs. (25)]
Wp'opt= . PMn 1 (28) In terms of the pump Rayleigh range ZRP, this result states that the gain is optimum when ZRP is approximately equal to the length of the active medium. This condition is, of course, reminiscent of the optimum focusing condition of other optical parametric processes, such as bulk optic second harmonic generation. 13 However, in the present case the pump and signal play symmetric roles in the small signal gain, and the above conclusion also applies to the signal. The largest gain is, therefore, achieved when ZR = ZR, 8 1. This condition can presumably be realized in practice since focusing the signal and pump can be individually controlled.
The accuracy and validity of the approximation made to derive the closed-form of the laser slope efficiency [Eq. (20)] were estimated in the present case of a freespace laser by comparing it to the exact overlap integral [Eq. (8)]. This is illustrated in Fig. 2 , which represents the slope efficiency of a Nd:YAG crystal laser vs the pump waist radius. As expected the approximation is more accurate for values of a -W p/W' near unity. 
was offset from the cavity axis or if a higher-order pump mode was used. As intuitively anticipated, the control of the pump distribution is primordial to single-mode laser operation. Controlled pump distributions, as opposed to the highly multimoded situation occurring in most flashlamp-pumped commercial solid state lasers, should, therefore, extend the single-mode output range of end-pumped lasers to much higher power levels. This is typically done in commercial lasers by introducing an aperture which further decreases 6 00/'5nm. However, in general, it also increases the cavity loss 6oo and reduces the overall laser efficiency.
IV. Fiber Lasers

A. Fiber Laser Configuration
In this section we consider the case of a fiber laser with a step-index profile and a circular geometry. The optical cavity is assumed to be made of two flat mirrors placed against the fiber ends, so that all optical signals remain guided throughout the cavity. The core (index nf) is the only active part of the fiber surrounded by a (passive) cladding of index n 2 (n 2 < n) infinite in the radial dimension. The fiber V number is defined by We refer the reader to the Appendix for a description of the sets of modes used in our calculations.
B. Fm Coefficients
In the following we only consider modes varying as complexity of the mathematical functions involved, the radial integrations cannot be expressed in a closed form and were analyzed by computer.
In Fig. 3 we show the dependence of Fvinm on the fiber V number for a few low-order pump and signal 2.5 (30) where boo and bio are the cavity round-trip losses for
TEMoo and TEM 1 o, respectively, and a 0 o = W2(TEMoo)/WP as before. It appears that to reach the onset of TEM 10 oscillation, aoo must be smaller than 60o/co1, which is in general smaller than unity. This reflects the fact that when the pump area is much larger than the area of either signal mode (a 0 o << 1), the small signal gains yoo(TEMoo) and y 1 (TEM 1 o) become comparable. Then, as the pump power is increased, the photon density due to TEMoo does not build up too rapidly and does not saturate the gain Gylo too fast. This toward Vc, the corresponding F coefficient decreases to vanish at V = Vc. This result stems from the fact that as one of the modes reaches cutoff, it spreads outward into the fiber cladding, and less energy is involved in the active core region. For V numbers that are large compared with V, the F coefficients rapidly converge to asymptotic values which are only a function of the two interacting modes: when both modes are far above cutoff their power density distributions become essentially independent of the fiber V number and so does their overlap. Since this convergence is rather rapid, in a practical device involving a large V-number fiber all low-order filling factors may be replaced by their far-from-cutoff limit with a good approximation. The filling factors are then universal numbers independent of the pump and signal frequencies and of the fiber geometry (provided it has a step-index profile) and only functions of the mode numbers. Table I gathers the values of the filling factors in the large V limit, computed for a few low-order pump modes. In the far-from-cutoff regime the guided modes are independent of wavelength, so that the overlap between these modes is invariant under a commutation of modes, and Fvinm = Fnmv(V >> Vc) (32) as reflected by the symmetry of Table I about its diagonal. This property can be usefully invoked to reduce computation time and the volume of tabulated data. For a fundamental signal mode (LP 01 ) pumped with a fundamental pump mode, the F coefficient is F 0 101 = 2.098; i.e., the effective pump mode area A* entering the expression of the laser gain [Eq. (16) ] is approximately half of the area of the fiber core. As intuitively anticipated, when pumped with higher-order modes, the corresponding overlap with the LP 01 signal mode is reduced. On the other hand, F coefficients can be somewhat larger (3-6) for higher-order mode configurations of the type LPnm/LPnm as a result of their larger signal and pump power local densities. 6 However, such configurations involve modes of limited practical interest which generally exhibit higher propagation loss in fibers.
The general evolution of Fvnm as the mode numbers are increased is shown in Fig. 4 for the Foinm series pertaining to the important case of a fundamental signal mode. From these curves a number of interesting observations can be made. First, the largest F coefficient occurs with the fundamental pump mode with Folo 1 = 2.098; in this configuration the interacting mode distributions are as well matched as can be. (In this large V limit they are actually identical.) Second, for a fixed value of n (n = 0) the Foinm coefficients increase with increasing m. This behavior arises from the fact that the distribution of a LPnm mode has a maximum near the fiber axis (r = 0) and that this maximum increases with increasing m (see Fig. 8 ). Since the signal mode LP 01 has a broad maximum near r = 0, the overlap with a LPnm mode increases with increasing m. Third, the Foinm series has a finite asymptotic value for large m, and this value is independent of n (for n < m). For high-order fiber modes all modal lobes (see Fig. 8 ) carry nearly the same energy, 6 and their overlap with a given mode (here LP 01 ) is independent of m or n, as observed.
Finally, this asymptotic value, equal to 1.7568 for the Foinm series, is reached more rapidly for small values of n. For all practical purposes, for n < 10 the A last case of interest is that of a fiber laser in which the pump is distributed among a large number of guided modes. This situation arises in particular when the fiber laser is excited by a Lambertian source (such as a LED) or a strongly diverging source (such as a LD). In this highly multimoded configuration the pump mode density is nearly uniform across the fiber core and vanishingly small in the cladding. 
where ms is the fraction of signal energy contained in the fiber core. For signal modes reasonably far from cutoff,
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1, and the F coefficient is approximately mode independent and equal to unity. As expected, all modes with a reasonably good confinement, i.e., most guided modes in a multimode waveguide, experience the same gain. This last observation emphasizes two important advantages of pump-to-signal mode matching in a fiber laser device. First, mode matching can significantly improve device performance. For example, the gain of a fundamental signal mode amplifier will be approximately twice as large with a fundamental than with a highly multimoded pump distribution (Folo = 2.098 4) in a fiber laser pumped with LP 0 1 . With a highly multimoded pump, this type of mode selection would clearly not be available as all signal modes experience the same gain. Differential mode loss is then the dominant competition mechanism, but in a practical low-loss device it might not be sufficient to prevent multimode oscillation at higher pump power levels.
Although mode selection on the basis of differential gain is by no means unique to fiber laser devices, the smooth mode control and end-pumping configuration available in'a fiber make it particularly attractive and simple to implement in a fiber device.
C. Gain and Threshold
From the definition of A, [Eq. (14) Another pertinent quantity is the incident pump power threshold, i.e., the pump power coupled into the fiber at z = 0 at threshold, which can be expressed from Eq. Of interest to the device design is the dependence of the threshold and gain on the fiber core radius. Since the laser gain grows like the pump intensity and, therefore, like the reciprocal of the fiber active area, it is clearly interesting to reduce the fiber diameter.
However, two other major factors also contribute to this dependence and limit this effect: (1) the Fv,,nm coefficients, which depend on the-fiber V number, and (2) the absorption of the pump by the fiber. [For small enough core sizes the mode is very weakly guided, and its energy is not absorbed by the core, as accounted by the 77p factor in Eq. (35).] Another somewhat weaker dependence arises through; the loss factor ,, which also depends on the fiber V number, 15 but because of its complexity this effect is not considered here. We shall also assume that the launching efficiency of the pump into the fiber is not affected by the core size, which is the case for most laser pump sources but not necessarily for semiconductor sources.
Taking all three contributions into account, Pth,inc iS expected to vary with the core size as follows. For large core radii, the modal overlap and effective absorption coefficient are independent of a, and the only dependence comes from the pump intensity. Then the threshold grows quadratically with a. For vanishingly small core radii, the combination of all three effects must give an infinite threshold since in the absence of the active medium the gain vanishes. Consequently a maximum gain (amplifiers) and minimum threshold This behavior is illustrated in Fig. 5 for a LP 0 1 /LP 0 1 configuration. Here we consider the incident, instead of the absorbed, pump power threshold. [In the small core region of interest the latter becomes vanishingly small (p -0) regardless of the device laser properties and fails to characterize adequately the device behavior.] With a well-chosen core radius (a apt) the optical gain per unit pump power is so large that even in a 5% round-trip cavity the laser threshold can be as low as 10-50 MtW (for Nd:YAG). For practical fiber numerical apertures (N.A. 0.08-0.25), the optimum core radius apt which minimizes the fiber laser threshold is in the 1 .3-3.7-Mxn range, which corresponds to a fiber V number at the signal wavelength of Vopt 1.7. As expected Vopt is comparable with the value Vna. which maximizes the (average) pump intensity in the fiber (VMnax 1.1 in a step-index fiber). 16 Vopt is not a universal number as it depends somewhat on pump wavelength (Vopt 1.9 at Xp 810 nm).
However, it lies typically in the 1.5-2.5-range (singlemode range) and provides a convenient rule of thumb to minimize the threshold of a fiber laser or optimize the gain of a fiber amplifier.
D. Slope Efficiency
The dependence of Pout on the total pump power absorbed by the fiber active medium Pabs is plotted in Fig. 6 for a few values of the cavity loss ,, (LPo/LPol configuration). Solid curves are exact solutions obtained from computer evaluations of Eqs. (7) and (8) The asymptotic value of the slope efficiency given by the approximate form of Eq. (22) agrees with good accuracy. Note that the general behavior of the slope efficiency referenced to incident pump power is essentially the same, except for a lower asymptotic value since only a fraction of the incident power is actually absorbed.
As mentioned earlier, we find that in fairly efficient lasers, the slope efficienI y does not depend strongly on the modes involved for reasonably similar modes.
Under such conditions the relative energy confinement, combined with the lai ge probability of stimulated emission, provides efficient stimulated relaxation of most of the inverted population regardless of the exact photon distributions.
E. Fiber Oscillator Design
An important consequ ence of the above results is that the major advantage o a fiber device over its bulk counterpart is its higher gain (amplifiers) and lower threshold (oscillators). However, no significant improvement in the slope efficiency of a laser oscillator is anticipated by going frcm a bulk to a fiber configuration. Since efficient laser materials already exhibit a relatively low threshold when operated in a bulk form, they will not be significantly more efficient in fiber form. A fiber configuration is truly advantageous for materials with relatively poor laser properties which normally display high oscillation thresholds in a bulk form. Of course, this is not to say that highly efficient laser materials do not gain from a fiber geometry, which offers several additional advantages such as improved thermal and pointing stability and potential miniaturization.
Combining the results of the two previous sections allows one to make the best choice of core radius in the design of a low-threshold high-slope-efficiency fiber oscillator. A compromise must be made between low threshold (ideally a V number of 1.5-2.5) and high slope efficiency (V > 3-10, depending on the pump mode). In the fundamental case of LP 01 modes, and for the parameters used in our example, the optimum value is in the 8 -1 0 -Am range or a V number of 6-8.
For practical technological reasons, it may be difficult, at least for some materials, to fabricate fibers much smaller than -40 ,um in diamter with good optical and transmission properties.
However, use of a fiber somewhat larger than optimum size may not significantly degrade the performance of a laser oscillator.
For example, reference to Fig. 5 shows that by doubling the core radius from an optimum 10 to 2 0,um, the fiber laser only requires an additional 0.5 mW to reach threshold, while the slope efficiency remains nearly unchanged. In an -30% efficient laser, this 0. model. As a rule of thumb, the performance of a fiber laser oscillator will be nearly optimum for fiber V numbers in the 5-25 range, depending on experimental conditions.
V. Conclusion
The above analysis provides a convenient thorough description of the intrinsically complex issue of mode interaction in multimoded laser devices. Use of the normalized overlap coefficient formalism was shown to be particularly rewarding for its simplicity and wide range of applications. When applied to guided fiber amplifiers, it allows one to write the gain factor in the same form as in a free-space amplifier. The gain is then inversely proportional to the fiber core area and proportional to a filling factor F. These F coefficients are only functions of the pump and signal modes involved in the interaction region for far-from-cutoff modes and can be easily tabulated. For fundamental signal mode operation, the F coefficient and the gain are maximum when the pump is also in the fundamental mode, while a uniform pump yields a gain -50% smaller.
This analysis also shows that in fiber lasers the slope efficiency can be written in a simple accurate form. For far-from-cutoff pump modes it is independent of the fiber V number and of the pump mode. In practical situations the overall laser efficiency is predicted to be optimum for a V number in the 5-25 range. These results, derived for a step-index active-core fiber, can be extended in a straightforward manner to more complex index and gain profiles as well as to other types of waveguide geometry. In particular, the free-space laser results (Sec. III) are directly applicable to the case of fibers supporting Gaussianlike modes such as parabolic profile fibers.
As expected, the main advantage of a fiber configuration is the possibility of achieving very high gains and low-oscillation thresholds. Also, as in other types of waveguide laser, differential mode gain offers the possibility of achieving single-mode oscillation. Development of a new class of laser and laser material, so far rejected for their poorer laser properties and prohibitively high oscillation threshold in a bulk form, may, therefore, be advantageous in fiber form. The overlap theory developed here will then be particularly useful in the understanding and design of these new devices.
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Appendix: LPnm Fiber Modes
Since the fiber numerical aperture is assumed small, the fiber modes are taken to be of the LP type, described, for example, by Marcuse. 15 In (x,y,z) orthogonal basis whose z axis points along the fiber axis, the optical field of a LP mode is either x or y polarized.
Each polarization mode has nonvanishing field components [(Ex,Hy) or (Ey,Hx)] described analytically by a set of two expressions, valid in the core and cladding, respectively. For the purpose of evaluating modal overlap integrals only the mode power density is required given for the LP, mode by 
(Al)
It can be easily shown that the normalized mode power density, which is identical to the photon distribution functione used in the text, is the same for the x-and y-polarized LP,A mode and can be expressed analyti- In the theoretical analysis of fiber laser devices, the power density is normalized to the cavity volume rather than its cross section as is more customarily done. Any z dependence of the mode energy distributions must, therefore, be included to compute c ,,,. For simplicity we assume a small single-pass gain, so that the signal intensity is practically constant along the fiber length. This assumption could be avoided by introducing the exact z dependence of the signal, but it can be shown that it only slightly changes the result while considerably complicating calculations. With this approximation the signal normalization coefficient is 22 2ys In an end-pumped fiber laser device the pump power is expected to be relatively strongly absorbed as it travels down the fiber, so that the pump power density has a non-negligible z dependence. Calling aa the absorption coefficient of the laser material at Xp, the pump power density is given by As an example we show in Fig. 8 the power density of a few fiber modes in a 50-Mum diam core fiber of Nd:YAG (n 1 = 1.820, n 2 = 1.815) at a signal wavelength of 1.064 ttm. Here the V number is relatively large (40), the fiber can support a large number of modes (V 2 /2 = 800),14 and the low-order mode distributions are essentially independent of signal wavelength.
